Nexus metals represent a new type of topological material in which nodal lines merge at nexus points. Here, we propose novel networks in nexus systems through intertwining between nexus fermions and additional nodal lines. These nexus networks can be realized in recently synthesized carbon honeycomb materials. In these carbon honeycombs, we demonstrate a phase transition between a nexus network and a system with triply-degenerate points and additional nodal lines. The Landau level spectra show unusual magnetic transport properties in the nexus networks. Our results pave the way toward realizations of new topological materials with novel transport properties beyond standard Weyl/Dirac semimetals.
Introduction
three glide planes parallel to z. Note that CHC-1 # also has the space group P63/mmc.
Detailed structural parameters for the structures can be found in Table S1 in the supplementary information (SI) [37] .
Our first-principles calculations were based on density functional theory (DFT)
within the PBE approximation for the exchange-correlation energy [38] . The corevalence interactions were described by the projector augmented-wave (PAW) potentials, as implemented in the VASP code [39] [40] [41] . Plane waves with a kinetic energy cutoff of 600 eV were used as the basis set. The atomic positions were optimized via the conjugate gradient method, in which the energy convergence criterion between two consecutive steps was set at 10 -6 eV. The maximum allowed force on the atoms is 10 -3 eV/Å. A 9×9×15 k-point mesh was used for the BZ integration of CHC-1 (or 1×1×2 supercell of CHC-1 # ). The quadratic crossing leads to a trivial
Band structure and topological networks
Figure 3(a) shows the band structure of CHC-1 along kz (Γ − A), indicating that the carbon structure is metallic. There is a point α (E = 0.50 eV; kz = 0.07 π/ and = 4.83 Å is the lattice constant along z axis) at which the black and green bands cross.
Due to the negligibly small spin-orbit coupling strength in carbon, spin is neglected and the electrons are treated as spinless. In this context, the green band is doubly degenerate while the black band is non-degenerate. Therefore, the point α is a TP where three bands m-1, m and m+1 cross (m = 33 here). Another TP is located at kz = -0.07 π/ because of the structural inversion symmetry.
In a kx-ky plane containing one TP, the TP appears as a crossing point of a Weyl cone and a flat energy band; however, in a kx-kz (or ky-kz) plane containing both TPs, the two TPs are connected by a nodal line which is intersected by a cone and a tilted energy surface along kz [see Fig. S1 in SI [37] ]. The nodal line corresponds to the green band in Fig. 3(a) , in which the solid and dotted parts represent degeneracy between bands (m-1,m) and (m,m+1) respectively. An examination clearly indicates that the TPs are also connected by other nodal lines on the three mirror planes 6 = 0, ±√3 ; . has a curved nodal line, while the three mirror planes share a straight line. We refer to this form of connection between the two NPs as a standard connectivity.
As seen in Fig. 3 (e), there are four nodal lines connecting the two NPs, similar to what was shown in Fig. 1(d) . A straight line, corresponding to the solid green line in Fig. 3(a) , links the two NPs through Γ along kz. Considering the periodicity of the BZ, the lines off the kz axis are actually linked to each other through points β and β′, that is, the two NPs are connected by a curved line that starts from one TP and then passes through β, Γ, and β′ before arriving at the other TP, winding twice around the Brillouin torus in the process. We refer to this type of connection between the two NPs as a "winding connectivity". The solid lines in Fig. 3(b) show the winding connectivity in the first BZ. Thus, Fig. 3(b) summarizes the structure of our novel 3D nexus network.
By comparing the standard connectivity and winding connectivity, one can find that the nodal lines in the former remain close to the kz axis, while those in the latter extend through the full BZ. Therefore, the nexus network may be easier to observe experimentally than the standard NP phase, because it extends the regions in which the topological elements can be found.
When the dimerization is removed, the CHC-1 structure evolves into CHC-1 # , whose primitive cell is half that of CHC-1 as shown in Fig. 2 Because the structure has a 6-fold screw symmetry, the other two mirror planes 6 = ±√3 ; and three glide planes ; = 0, ±√3 6 have the same nodal line distributions as for the ky = 0 plane. Figure 3 (c) presents the whole topological network in the BZ.
The ANLs cross at some points on the kz axis other than at the TPs.
Topological phases based on tight-binding model
We [37] ]. Therefore, it is convenient to describe the carbon honeycomb by a tight-binding model,
where i, j ∈ {1,2, … ,12} label the twelve C1 atoms, d VW X is the displacement vector directed from atoms j to i, BC is the hopping energy between atoms i and j, and µ runs over all lattice sites under translation. For BC , we include hoppings t0 between atoms in the zigzag chains and hoppings t1 ~ t5 between the zigzag chains [see
To reveal the effect of structural symmetry on the electronic properties, we first consider the 1×1×2 supercell of CHC-1 # . It has space group P63/mmc, which includes a 6-fold screw rotational symmetry along z, a mirror plane Mz normal to z, and three mirror planes and three glide planes parallel to z. If we omit its C2 atoms, its electronic properties can also be described by Eq. between the standard NP phase and the ANLs. In the case of t2≠0, the NP phase in Fig.   4 (c) will overlap with the ANLs, which seems like Fig. 1(b) . A crossing of two nontrivial lines is not generally allowed if there are no special symmetry to protect the crossing [42] . The nodal lines at the crossing point will split into two anti-crossing lines, as shown in Fig. 1(c) . As a consequence, the nodal lines in Fig. 1(b) evolve to adopt the structure shown in Fig. 1(d for the TP-ANL phase ( = 0). For the nexus phase in Fig. 5(b) , the chiral LLs split because ≠ 0, as shown in Fig. 5(f) . These exotic LLs not only exhibit "fingerprints"
for the different topological phases, but also provide novel magnetic transport properties.
Discussion
The space group of CHC-n with even n is P63/mmc, similar to that of CHC-1 # .
Therefore, TP-ANL phases exist in CHC-n (n=2, 4, …). Moreover, with the increase of n, there exist four-fold degenerate nodal points located between the TPs, which result in ANLs [see Fig. S5 in SI [37] ]. The structures CHC-n with odd n belong to the space group P3 { 1 , and all of them have nexus networks like CHC-1. Although the experiment in Ref. [36] reported that both periodic and random CHC structures have been obtained, these topological phases maybe are not easy to be observed in the recent samples because the crystal quality needs further improvement. We hope more experiments can be carried out to validate and extend our findings.
The topological classification of the nexus networks is different from that of standard NP phase. The nodal lines in the latter can be continuously contracted to a straight line. Those in the nexus networks, however, wind around the entire BZ torus and thus are not contractible. Mathematically, the BZ is topologically equivalent to a three-dimensional torus T 
